The node-to-surface formulation is widely used in contact simulations with finite elements because it is relatively easy to implement using different types of element discretizations. This approach, however, has a number of well-known drawbacks, including locking due to over-constraint when this formulation is used as a twopass method. Most studies on the node-to-surface contact formulation, however, have been conducted using solid elements and little has been done to investigate the effectiveness of this approach for beam or shell elements. In this paper we show that locking can also be observed with the node-to-surface contact formulation when applied to plate and flat shell elements even with a singlepass implementation with distinct master/slave designations, which is the standard solution to locking with solid elements. In our study, we use the quadrilateral four node flat shell element for thin (Kirchhoff-Love) plate and thick (Reissner-Mindlin) plate theory, both in their standard forms and with improved formulations such as the linked interpolation [1] and the Discrete Kirchhoff [2] elements for thick and thin plates, respectively. The Lagrange multiplier method is used to enforce the node-to-surface constraints for all elements. The results show clear locking when compared to those obtained using a conforming mesh configuration.
Introduction
Shells are thin structures that can span wide areas while carrying relatively large loads compared to their self *Corresponding Author: Ghadir Haikal: Purdue University, HAMP 4127 (Civil Engineering); Tel.: (765) 494-1176, Email: ghaikal@purdue.edu Kuo Guo: Purdue University, School of Civil Engineering; Email: kguo@purdue.edu weight [3] . These structures can be found in jaw-dropping building architectures as well as in the fuselage of aircraft and rockets. The field of shell mechanics saw a major boom the 1960s and 1970s when shell finite element theory was developed and a number of finite elements were proposed for shell structures. Computational solutions, however, were limited by the available computational tools. As a result, the development of shell theory focused on finding analytical solutions to simple shell problems and was therefore bound by the high complexity and nonlinearity of shell problems. More recently, with the availability of powerful computational resources, and with developments in fields such as computational biology and biomechanics, the numerical analysis of shell structures has enjoyed a renewed interest.
The numerical analysis of shell structures often requires modeling of contact. In crash simulations, for example, the goal of the numerical analysis is to capture contact between different parts of the car body, typically discretized with shell elements, at the moment of impact. The finite element modeling of multi-layered shell structures, such as multi-layered composites and biological tissues, involves capturing contact interactions, including adhesion and friction, on inter-layer interfaces. Unlike the highly nonlinear shell elements used for modeling curved biological structures, each layer in multi-layered composites is discretized with lower-order elements for computational efficiency. In computationally-intensive problems such as crash simulations, it can be more efficient to use low order element discretizations and achieve convergence through h -refinement. Therefore, it has become crucial to develop effective contact models and detection/resolution algorithms for shell structures that can accommodate the inherent nonlinearity of some complex shell geometries as well preserve the integrity of the finite element formulation for low-order discretizations.
In modeling contact problems, the accuracy of the computational model hinges on its ability to 1) prevent mass interpenetration or nonphysical overlap and, 2) ensure the completeness of the stress fields along the interface. In the continuum realm, these conditions can be satisfied point-wise along the interface. When the contacting bodies are discretized with finite elements, however, satisfying displacement admissibility and continuity of tractions simultaneously is not a straightforward task. Standard finite element discretizations are designed to guarantee point-wise C 0 continuity of the kinematic fields along edges between neighboring finite elements, thereby creating a conforming mesh. When contact occurs between two bodies with different finite element meshes, the conformity of the finite element discretization cannot be satisfied point-wise along the contact interface for a number of reasons including, but not limited to, the different levels of refinement on either side of the interface or the possibility of large sliding in contact problems. Finite element discretizations that do not satisfy the C 0 continuity condition along contacting interfaces are therefore referred to as non-conforming meshes, and geometric constraints are enforced to prevent mass overlap and guarantee the admissibility of the displacement field along the interface.
The node-to-surface gap function is a multi-pointsconstraints (MPC) formulation that has been widely used to enforce geometric admissibility in contact and coupled problems. In its common form, the node-to surface gap constraint ensures displacement continuity between a discrete number of slave nodes on one side of the interface and their projections on the opposing master surfaces. This formulation is relatively simple to implement and can be applied to different types of finite element discretizations. This simplicity, however, is often offset with a number of drawbacks that impact its efficiency and accuracy.
The issues concerning the node-to-surface contact formulation have been well documented in the context of 2-D and 3-D elasticity problems. The discrete node-to-surface gap formulation does not pass the patch test, failing to represent a state of constant stress along the interface [4] . In the context of 2-D elasticity, the discrete gap function formulation passes the patch test only when the two contacting bodies are discretized with linear elements and the contact events happen at the nodes. For quadratic and higher order elements, the contacting nodes have to be of the same type (edge node with edge node, . . . , etc.). In the general case of non-matching elements, the transfer of the pressure field is not complete [5, 6] . Another drawback of the node-to-surface formulation is the natural bias introduced when designating one side of the interface as slave or master. Such bias can be eliminated via a two-pass approach where both surfaces take roles as master and slave and the contact constraints are enforced on both sides of the interface. Such approaches, however, have been show to suffer from locking due to over constraints [4, 5] . Therefore, it is recommended to use the node-to-surface method as a single-pass approach to avoid locking. The issue with patch test performance can be avoided when the contacting elements are of low order and the mesh on one side of the interface is much finer than the other [7] .
Dual methods, such as mortar-based approaches [8] [9] [10] were introduced to address the afore-mentioned limitations for solid finite element discretizations. These methods are based on relaxing the compatibility condition into a weak form and employing a dual interpolation of interface pressure, therefore ensuring the completeness of pressure fields by design. Other formulations for contact with solid elements follow the Nitsche approach for enforcing geometric compatibility [11] using a penalty-based stabilization parameter, such as the one proposed by Hansbo et al. [12] . The resultant-based theories of beams, plates and shells, however, have received substantially less attention in the literature. The few available contact models for contact with beams, plates and shells are based on node-to-surface-type contact constraints [13] , since mixed contact formulations are not as readily extendable to resultant-based methods. Mixed formulations are challenged with enforcing the Ladyzhenskaya-Babuška-Brezzi (LBB) condition, a requirement to achieve spatial convergence of the saddle-point problem [14] , with resultant fields. Alternatively some methods for contact in resultant-based theories seek to soften the node-to-surface formulation by introducing a Contact Domain (CD) between the contacting bodies. Methods in this category include the oriented-area beam-to-beam contact formulation introduced by [15] or the approach proposed by Kamran et al. [16] , where the contact domain between the midsurfaces of two shells is discretized with volumetric Delaunay triangles. These methods, however, introduce an arbitrary additional dimension to the contact surface. The Kamran et al. method [16] for shells is fairly elaborate and the Delaunay triangle configurations vary depending on the geometry and positioning on the contact surface (edge vs. interior elements). This makes the method difficult to implement for problems with large sliding or multi-layered composites that involve a few potential contact surfaces within a relatively small thickness. Moreover, the threedimensional contact domain introduces a user-defined deformability in the direction of shell thickness, which translates into a penalty-like enforcement of contact conditions that would be very sensitive to mesh size and user input. Therefore, the multi-point-constraint approach has remained the method of choice for enforcing contact conditions for resultant-based finite element solutions. It is, however, to be expected that the same concerns regarding patch test performance and interface locking would be of relevance in plate-to-plate, shell-to-shell and beam-tobeam contact problems. It has also been expected that the solutions available to alleviate these issues for solid elements, such as the use of the one-pass approach for enforcing node-to-surface contact without inducing surface locking, would be readily extendable to beams and shells. This assumption, however, has not been verified to the authors' knowledge.
The purpose of this paper is to shed a light on the use of node-to-surface compatibility constraints for contact problems with flat shell elements. We consider both the Reissner-Mindlin and Kirchhoff-Love theories for thick and thin flat shells, respectively, and seek to investigate whether a single-pass approach in enforcing contact constraints is sufficient to avoid surface locking in contact with flat shell elements, as is the case with solid elements [5, 6] . We implement the standard 4-node solid element for thick shells as well as the linked-interpolation formulation [1] to eliminate the influence of shear locking in thick-shell elements. The Adini-Clough [17] and Discrete Kirchhoff Quadrilateral Element [2] are used for thin plates. Contact is enforced with the node-to-surface formulation as a single-pass approach to avoid surface locking due to over-constraint. Our numerical investigations reveal that contact-induced locking can be observed even in single-pass node-to-surface formulations for both thinplate end thick-plate low-order elements. These results suggest that node-to-surface contact formulations can potentially lead to substantial errors in numerical solutions of contact problems with low-order flat shell/plate elements.
The outline of this paper is as follows. In section 2.1, we provide an overview of the governing equations for flat shell theory while the finite element implementation is described briefly in section 2.2. The element formulations, including dicretizations for membrane and bending deformations are detailed in section 2.3. Section 2.4 describes the implementation of the node-to-surface formulation, and the discretized formulation of the contact problem. Numerical examples are presented in section 3 and the results are discussed in section 4.
Methods

Flat Shell Elements
Shell elements are used to discretize a thin body where one dimension, referred to as the thickness t, is substantially small relative to the overall geometry. Shell elements can deform through bending and shear in the planes orthogonal to the shell geometrical plane, and are assumed to be extensible in both in-plane directions as well. In-plane deformations are referred to as membrane effects, and distinguish shell elements from plate elements that are assumed to be inextensible, and deform through bending and shear. Shell elements possess five degrees of freedom (transverse displacement, two rotations and two in-plane displacements) compared to plate elements with transverse and rotational degrees of freedom. Furthermore, shell elements, unlike plate elements, can be used to model bodies with curvature.
Formulation-wise, shell elements fall into two categories: conventional shell elements and continuum shell elements. Conventional shell elements follow a resultantbased formulation where the stresses are averaged along the thickness to produce the force and moment resultants. Fibers along the thickness are assumed to be inextensible and rotating rigidly with respect to a reference plane, typically the shell's mid-surface. The rotational degrees of freedom are directly represented in conventional shell elements, a fact that makes these elements more suitable for problems with bending deformations.
Continuum shell elements are basically thin low-order three-dimensional continuum elements. These elements have been shown to suffer from a number of numerical shortcomings in their ability to capture bending deformations, namely in the form of transverse shear, trapezoidal and thickness locking effects. While a number of remedies have been proposed to address these issues, we will exclude continuum shell elements from our consideration to eliminate competing sources of numerical instability and focus on contact as the potential source of any observed inaccuracies.
Flat shell elements are conventional shell elements that can be used to discretize a domain with no curvature, i.e. where the reference surface (typically the mid-surface) is initially confined to a plane. If the deformations are assumed to remain small, the formulation of a flat shell element can be thought of a linear combination of a plane continuum element for membrane effects and a plate element for bending. Also, based on the relative thickness of the element, different plate theories can be chosen to model the bending behavior, classifying the flat shell element into either a thin-or a thick-flat-shell formulation. The former uses the Kirchhoff-Love theory for plates which neglects the transverse shear strains while the latter is based on the Reissner-Mindlin theory in which the plate is assumed to be shear-deformable. Figure 1 shows a single flat shell element in a local coordinate system (x 1 , x 2 , x 3 ). Let u 1 , u 2 , u 3 be the displacements in direction 1,2,3 and θ 1 , θ 2 be the rotations with respect to the main bending directions, as shown in Figure 1 . Assuming small deformations and a linear elastic constitutive model, the governing differential equations for the equilibrium of flat shells are [18] :
, is the applied external force and P, S, M are the membrane, shear and bending stress resultants, respectively:
Similarly, the axial strains in the shell can be decomposed into membrane ]︁ strains, defined as follows:
In these equations, x 3 is the distance, along the thickness direction, between a given point and its projection on the reference plane. The transverse shear strains measure the rotation difference between the normal and tangent to the reference plane:
The treatment of transverse shear strain is the key difference between thin and thick flat shell element formulations. Within Hook's law of linear elasticity, the stress resultants can be written in terms of the above strains using the membrane D m , shear D s , and bending D b elasticity matrices as follows:
where
In these equations, E is the elastic modulus, ν is Passion's ratio, t is the thickness of the shell and α is the shear correction factor [18] .
Finite Element discretization
The kinematic variable fields
for a shell can be discretized in terms of their nodal values in a finite element mesh as follows:
are the shape functions for degrees of freedom corresponding to the membrane, bending and rotational fields, respectively. The choice of the shape functions for each field will be discussed in detail in Section 2.3.1 and 2.3.2, but we assume the general form of equation to generate the discretized system of equations that governs the equilibrium of the flat shell.
Let us defineũ
]︁ T to be the vector of degrees of freedom at each node i andũe = [︁ũ 1 ,ũ 2 , · · ·ũ i ]︁ T to be the vector encompassing all nodal degrees of freedom in the element. The continuum deformation (displacement and rotation) fields in the shell element can therefore be interpolated from the discrete nodal values as follows:
The discretized strain fields can be also be obtained by substituting Eq. (13) 
Following a similar procedure, the bending and shear strains can be written as
A weak form solution to the Eq. (1) leads to a discrete system of linear equations of the form Keũe = fe (20) where Ke is the stiffness matrix of the flat shell element, obtained by combining the plane stress (membrane) K m and plate K p element stiffnesses
The membrane stiffness K m represents the element resistance to in-plane deformations and can be computed as:
while the plate element stiffness K p is the sum of bending K b and shear K s contributions, with the matrices K b and K s defined as follows:
In equations (22)- (25), D m , D b and D s are the elasticity recalled from Eqns. (10), (11), (12) . Lastly, the element load vector fe is given by
The element-level equations of equilibrium can then be assembled to produce the global system of equations
is the total vector of degrees of freedom at all n nodes in the mesh. 
Kinematic field interpolations
In the realm of small deformations, the membrane kinematic variables for a flat shell element are independent from the bending fields, and are discretized separately.
The membrane fields are considered constant across the shell thickness and are therefore discretized with respect to the reference plane. For the quadrilateral element show in Figure 2 , it is common to use the four-noded discretization of a planar 4-noded element with bi-linear shape functions
In this equation, ξ and η are the element parent coordinates set in the range between −1 and +1. The discretization for bending fields in flat shells is identical to that of plate elements, and depends on whether the plate is considered shear-deformable as will be discussed in detail in sections 2.3.1 and 2.3.2.
Thin plate bending elements
First proposed by Kirchhoff in 1850 [19] , thin plate theory assumes that fibers originally normal to the mid-surface of a plate will remain normal to it during deformation and shear strains in Eq. (6) vanish. This is expected to hold true when the thickness on the order of 1/100 of the in-plane dimensions of the plate. Based on this assumption,
The rotational variables θ 1 and θ 2 are therefore the derivatives of the transverse displacement u 3 , and the bending strains in Eq. (5) involve the second derivatives of the transverse displacement. As a result, C 1 continuity of the shape functions for u 3 in a thin plate bending element is needed to guarantee the continuity of the rotational fields and the square integrability of the bending strains. We consider two different thin plate elements based on the Adini-Clough and the Discrete Kirchhoff formulations.
Adini-Clough Element: This element was proposed by Adini and Clough [17] . It has 4 nodes and 12 bending degrees of freedom (D.O.F.): one transverse displacement and two rotations at each node. The shape functions are constructed by using a complete third order polynomial expansion from Pascal's triangular with two symmetric fourth order mixed terms:
where ξ and η are the element parent element coordinates set in the range between −1 and 1, which are mapped to the spatial directions x 1 , x 2 using standard mapping techniques. The rotational fields θ 1 , θ 2 are not interpolated independently and can be found using Eq. Following the same procedures for all degrees of freedom at all four nodes, we rewrite the finite element interpolation in the element as follows:
where ]︁ T is the vector of nodal degrees of freedom in the 4-noded element, as defined earlier.
Discrete Kirchhoff Quadrilateral Element: Based on the discrete Kirchhoff theory first introduced by Batoz in 1982 [2] , the Discrete Kirchhoff Quadrilateral element (DKQ) is based on a complete interpolation of the rotational fields, and enforcing the C 1 continuity condition at a number of discrete points in the element. Consider the 8-node element shown in Figure 3 , and let β 1 and β 2 be the rotations of the normal to the 1-2 and 2-3 planes, respectively. These fields are interpolated over the 8-node element using finite element shape functions as follows:
where β 1i and β 2i are the nodal values at the corner nodes and mid-nodes, and N i , i = 1, · · · 8 are the shape functions of the 8-node Serendipity element [20] :
The assumption of Kirchhoff theory and relationships between the displacement and rotational fields are then enforced discretely at the element nodes, starting with the four corner nodes:
Assuming a quadratic displacement interpolation along each element edge, the rotation at the middle nodes 5, 6, 7, 8 can be found in terms of the displacements and rotations of the corner nodes as follows:
where s = 1, 2 denotes the spatial directions, l ij represents the length of each side and ij = 12, 23, 34, 41 are the indices corresponding to the edges with middle nodes k = 5, 6, 7, 8, respectively. The rotations β sk along each side ij can therefore be expressed as
With these above relationships, the edge rotations β 1 , β 2 can be explicitly written in terms of the nodal degrees of freedomũe = [︁ũ 
In these equations, The DKQ formulation is based on rotation interpolation, and does not provide explicit shape functions for the transverse displacement u 3 . Since contact conditions involve the transverse displacement, we follow the multigrid approach presented in [21] to obtain the transverse displacement interpolation and construct the shape functions H w i for u 3 , leading to the following expressions: ]︃
Thick plate bending elements
These elements account for shear deformability and have therefore independent discretization of the rotational fields.
Standard Quadrilateral Element with reduced integration (Q4):
The thick flat shell element is developed based on the Reissner-Mindlin plate theory which was proposed by E. Reissner [22] and R.D. Mindlin [23] . Compared to thin plate theory, the fiber originally normal to the midsurface of the plate remains straight but is not necessarily perpendicular to it, which makes the plate shear deformable and indicates that Eq. (6) is no longer equal to 0.
Therefore the rotations and transverse displacement are not directly coupled and are independent variables. We choose the well-known quadrilateral 4-node (Q4) element interpolation to approximate u 3 , θ 1 and θ 2 , which employs the following shape functions for all three fields:
The above interpolation of kinematic fields has been shown to exhibit shear locking [24] . The reason for this type of locking is that the shear constraints shown in Eq. (6) are yield artificially high shear stiffness when a bilinear interpolation is used and the element is fully integrated. A simple way to avoid this locking phenomenon is by using reduced integration, either on all strain terms [25] , or only on the shear strain term [26, 27] . In this paper, we choose the latter method and only reduce integration for the shear component of the strain. For a Q4 element, that implies only 1 integration point to calculate the shear stiffness. The results are improved dramatically.
Linked interpolation (Q4L):
The linked interpolation formulation was introduced by Zienkiewicz et al. [1] as a means to overcome shear locking in standard conventional shell elements. The method enhances the displacement field through additional higher-order interpolation functions that link it to the nodal rotational degrees of freedom as follows: (
The linked shape functions N wθ i are introduced to increase the order of interpolation of the transverse displacement in the element and are designed maintain the C 0 continuity of the displacement field along element edges. Therefore, the shape function for each edge is built to vanish along all other edges, as well as to produce a constant shear strain field. For example, the function associated with edge 12 is given by:
The approximation of the rotational fields is also enhanced with the addition of a bubble function as follows: 
This method has been shown to relax the artificially high shear stiffness for 4-noded thick-plate elements and produce reliable shear fields [1] .
Enforcing constraints with the MPC Method
The multipoint-constraints (MPC) coupling technique seeks to attach a slave node to opposing surface of a master element, as shown in Figure 4 . This approach can be implemented unilaterally for contact problems where the slave node is allowed to separate from or slide on the master surface, or bi-laterally, as is often the case in fullycoupled applications, when the slave node is assumed to be fully tied to the master surface throughout deformation. For the purpose of this paper, we restrict our attention to the latter case, keeping in mind that the gap functions for contact are MPCs enforced in the normal direction only and are therefore a special case of the fully-coupled constraint. The MPC approach is slightly less straightforward to implement in conventional shell and plate elements since nodes and corresponding degrees of freedom are defined on the reference plane in each element, not on its outer surfaces. The deformed configuration of any point on the contacting surfaces can, however, be expressed in terms of the displacement and rotational fields on the reference surface in each element. Therefore, the first and most important step in defining MPCs for flat shell elements is the definition of the gap function in terms of the kinematic
of the reference plane. Taking into account the assumption of rigid inextensible fibers along the thickness of the shell, the position of any point in a flat shell element can be written as follows:
where Xr is s the position, before deformation, of the points projection on the middle surface. The relevant points for contact are located on the top and bottom surfaces of the shell, x 3 = ± t 2 . Note that (53) assumes finite rotations with respect to the reference plane, denoted to be the middle surface. Therefore, the formulation can be used for nonlinear problems involving large deformations, or linearized with respect to θ when deformations can be assumed to remain small. The MPC constraints can be used for the transverse direction only, as is often done for frictionless contact problems, or for all degrees of freedom in problems where the two surfaces are assumed to remain fully coupled throughout deformation. We will assume the latter case for the purpose of this development.
Denoting the slave side of the interface S and the master side M, the continuity condition between each node x S on the slave side of the interface and its projection x M on the master side becomes:
where x M can be calculated from Eq. (53). This condition is enforced at all nodes along the slave side of the interface as shown in Figure 5 . For each pairing, the location of x M is determined using a closest-point projection by minimizing the distance
where x M is written using the finite element discretized form of Eq. (53). For example, the x 1 component of that discretization is
in which ± denotes the top and bottom surface of the shell element, respectively, andX a 1 represent the undeformed coordinates of the four corners of the reference plane. The positions in other directions can expressed with a similar approach. The minimization of function (55) produces the parent coordinates (ξ , η) and the corresponding coordinates x M for the closest point projection on the master surface and the associated constraint (54). The solution of the coupled problem can be obtained using the method of Lagrange multipliers. Let Π be the to- tal potential energy corresponding to the system of equations obtained in Section 2.2.
whereũ is a vector contains the nodal displacements, K is the global stiffness matrix and f is the external force vector. Assuming that the two surfaces remain in contact with no tangential sliding (tying constraints), the solution is obtained by extremizing a modified potential energy of the form
yielding the unknown degrees of freedomũ and the forces
Results
Single Shell Bending
We begin our numerical investigations with a simple model that involves a single-layer shell structure. The purpose of this model is to verify our implementation of the elements presented in Section 2.1. Figure 6 shows the problem setup. A rectangular shell with thickness t = 0.08 is fixed along its short sides, and a downward surface traction q = 20000 is applied uniformly in the transverse direction. This shell is made of an isotropic elastic material with properties E = 3x10 10 and ν = 0.3. We discretize this single shell with varying levels of mesh refinement to investigate the convergence of the numerical solution.
We compare the results obtained using thin and thick element formulations for the displacement and rotational fields. Figure 7 shows the distribution of the transverse displacement along the long edge of the shell using the AdiniClough element, compared with a similar result obtained using ABAQUS. The results indicate that the Adini-Clough element converges very fast, and can provide accurate results using a relatively coarse mesh. The results compare well with ones obtained with ABAQUS and a similar element formulation. Figure 8 shows a similar trend with DKQ elements, which also display an accurate result with relatively fast convergence rate. In Figure 9 , we repeat the solution using the standard Q4 element with reduced shear integration. The results are also similar to the results of the thin shell implementation, as well as those obtained using ABAQUS with a thick shell element (S4R). This is expected since when the thickness of the shell is relatively small, and thus the results obtained with thick shell theory should converge to those of thin shell elements. This result also confirms that the reduced integration approach is effective for eliminating shear locking. Identical results were obtained using the Q4 element with linked interpolation.
Shell-Shell Contact under small deformation
After confirming the accuracy of the finite element implementations we extend our investigations to modeling the contact between two shells. Figure 10 shows two rectangular shells with identical geometry set on top of each other to induce contact as a result of deformation, therefore coupling the two shell layers. The top shell is subjected to a constant distributed surface traction q = 20000. Both left and right boundaries of the bottom shell are fixed, and we enforce full coupling constraints to prevent sliding on the interface between the two later. Each shell has the same material properties as the single shell of the previous example. We discretized both shell layers using conforming and non-conforming mesh configurations with different mesh sizes. A conforming mesh configuration implies that both top and bottom layers are discretized with the same number of elements, leading to matching node positions, which in turn leads to continuous displacement and rotational fields across the surface between the two shells. Fig-ure 13 and Figure 11 show the results obtained using thin flat shell elements under conforming and non-conforming mesh configurations. From the figure we can observe that when a conforming mesh configuration is used, the results converge toward to the exact solution as expected. When using non-conforming mesh configurations, we designate the bottom shell as master surface and investigate the effect of refining the mesh on the upper shell while keeping the discretization of the master surface constant. It can be observed that the transverse displacements obtained with a non-conforming mesh configuration are lower than the results of a conforming mesh configuration (the displacements in both cases are smaller than those of the single layer, but that is to be expected given the increased stiffness). More interestingly, the results are lower than those obtained using a coarser mesh for the top layer but a conforming mesh configuration. The difference increases dramatically to 30% with an increased mis-match between the element sizes used for the top and bottom layers, as seen in Figure 12 , which also shows that further refinements of the top layer have no impact on increasing accuracy if the mesh is non-conforming. The difference is much more dramatic with the DKQ element 13 with an effective locking rate of up to 67%.
We then repeat the experiment with similar mesh configurations using thick shell formulations. Results for the under-integrated Q4 element are shown in Figure 14 . First we note that the displacements obtained with the thick shell formulation are smaller than those of the thin shell elements, even for a conforming mesh configuration. This result suggests that, with the addition of a second layer increasing the shell thickness, the shell may not behave according to thin shell assumptions. Comparing the results of the conforming meshes with those of non-conforming configurations where the MPC method is used, it can be clearly seen that non-conforming mesh with Q4 element also displays a clear locking problem, with results smaller by up to 50%. These results were also verified with an ABAQUS simulation using S4R elements. The results obtained using the Q4 element enhanced with linked interpolation display a similar trend and are shown in Figures 15 and 16. 
Discussion
The results presented in section 3 suggest that locking is induced by the activation of contact constraints enforced with the MPC method for quadrilateral shell elements. This observation holds true for both thick and thin plate formu- lations, including enhanced methods such as the DKQ element and the linked interpolation. The locking may be of less impact in thin shells discretized with the Adini-Clough element, but when the two contacting meshes are largely mismatched, locking is substantial and does not improve with mesh refinement on the slave surface. This effect does not appear to be attributed to shear locking in thick plates since formulations for hick shell elements included treat- ments for shear locking such as the reduced integration or linked interpolation.
It is worthwhile to note that, in the above examples, the top shell was not restrained in the plane of its reference surface, allowing for free membrane action. Since the coupling constraints restrain the nodes in the transverse and in-plane directions, this was not expected to impact the result since the shell was not loaded axially. In order to verify this assumption, we re-run the case of two contacting plates with under-integrated Q4 elements ignoring membrane effects and using plate elements instead of shell elements. This implies that only 3 degree of freedom (D.O.F) are considered at each node and the membrane D.O.F associated with direction 1 and 2 were eliminated. This also transforms the problem from full coupling to frictionless contact between the two layers. Figure 17 show the results for the Q4 mesh with thick plate elements. From this figure we firstly observe that when using conforming mesh configurations the results converge to a result similar to that obtained with shell elements. This implies that membrane effects have little impact on the results, which is to be expected since all loads are applied in the transverse direction. When we consider the non-conforming mesh, the results display severe locking. Comparing these results with those obtained using shell elements in Figure 14 , we can also observe that shell elements results based on Q4 elements are considerably smaller than the results we get with plate elements. This result is surprising considering that membrane effects play no role in the behavior. The only difference between shell and plate element simulations is the enforcing of in-plane coupling conditions with shell elements. Thus, we conclude that the mere enforcement of MPC constraints in the planar direction causes locking. This effect is further magnified by the addition of contact conditions in the transverse direction. These results were also observed using ABAQUS.
These observations suggest that there are two potential sources for the observed locking. The first is due to presence of membrane degrees of freedom, caused by enforcing in-plane coupling conditions, as the figures showed clearly that the shell element results are smaller than those obtained with plate elements even with a conforming mesh configuration. The second contribution comes from the enforcement of similar conditions in the transverse direction. All element formulations displayed locking problems no matter which plate or shell theory is used. When using the Adini-Clough element the locking phenomenon is less pronounced, which is potentially due to its increased flexibility compared to thick shell formulations.
Lastly, we repeat the thick shell analysis using higherorder Q8 elements. The results shown in Figure 18 show that locking can be avoided by using higher-order elements. This, however, can be computationally extensive in large-scale formulations. Furthermore, this result only applies to thick shells as the development of higher-order elements for thin shells is very intensive.
Conclusions
In this paper we have implemented a one-pass node-tosurface formulation for flat shell-to-shell contact with MPC constraints. Four types of elements were considered that are based on thin and thick shell theories. Each element has 4 nodes and 20 D.O.F in total. Numerical simulations have been presented to study the performance of the multipoint constraint contact formulation with these element discretizations. It has been found that for both thin and thick shell elements there is a clear locking phenomenon evidenced in the results. The displacements obtained using a non-conforming mesh are up to 67% smaller than those of conforming mesh configurations. Numerical simulations with plate elements reveal that the locking is activated by the enforcement of MPC constraints associated with the membrane D.O.F of shell element as well as by similar constraints on transverse displacements.
Locking effects can potentially be reduced by using higher order elements in thick shells, but further investigations are warranted to study this effect in thin shells.
